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ABSTRACT:'\An investigation of the stability characteristics of
infinitesimal isturbances In selected laminar boundary-layer
profilesa conducted. The results of the investigation
give qua ltitative Indications of the Influence on boundary-
layer stability of foreign gas Injection, applied magnetic
fields, and applied external shear. It Is quantitatively shown
that injected gases of large molecular weight and diameter may
result In stabilization, whereas the lightsnall-diameter gases
are generally destabilizing except for large values of the wall-
to-free-strean temperature ratio. In addition, It Is shown that
a moderate external shear yields only percentage changes In the
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produce order of magnitude changes in the stability.t,-

PUBLISHED.=IL 1963)( 4

U. S. NAVAL ORDNANCE LABORATORY

WHITE OAK, MARYLAND
i ji



NOLTR 62-143 13 March 1963

The Stability of Selected Boundary-Layer Profiles

The authors wish to express their thanks to Dr, S. F. Shen of
Cornell University who contributed the ground work for this
investigation and added materially to its progress by his many
valuable consultations. To Drs. I. Korobkin and E. L. Harris,
they express their appreciation for making available the
boundary-layer profiles from prior numerical calculations.
They would also like to acknowledge the helpful suggestions
which they received In numerous stimulating discussions with
Messrs. N. Tetervin and J. Solomon of the Naval Ordnance
Laboratory.

This work was sponsored by the RMGA Office of the Bureau of
Naval Weapons under Task No. RMGA-41-034.

R. R. ODENING
Captain, USN
Commander

, l. , -/ ,

K, R, ENKINHUS
By direction

ii



NOLTR 62-143

CONTENTS

Page

INTRODUCTIONALYSI . ............................... . ......... 1

Linearized Disturbance Equations .. ......... 2
Foreign asn ............. 2
Shear and agnetohydrodynamics ............... ... 4

Method of Solution ............... 4

The Inviscid Equation........................... . 5
Expansion Around the Critical Layer........0.0.. 7
The Viscous Solutions and the

Eigenvalue Problem ..... . .............. . ..... 11
Numerical Procedures .*..... ....... .. .... .. . .... 13

Boundary-Layer Profile Data .......................... 14
Foreign Gas Injection................ ........... 14
Shear and Magnetohydrodynamic Profiles........... 15

Transport Properties .................................. 16

RESULTS AND DISCUSSION .................... ................ 18
The Blasius Profile... ................................ 18
Foreign Gas Injection Effects......................... 18
Shear and Magnetohydrodynamic Effects................. 20

CONCLUSIONS .............. 9.. .9.. . . .. 9.. . 9. . 21

REFERENCES................................................. 23
APPENDIX A.... * . ........................ 9999~999*............. A-1

iii



NOLTR 62-143

ILLUSTRATIONS

Figure 1 Neutral Stability Curves at Mach Number 1.3

Figure 2 Non-Dimensional Boundary-Layer Profiles with No
Injection for Different Wall-to-Free-Stream
Temperature Ratios, Tw

Figure 3 Non-Dimensional Boundary-Layer Profiles with Air
Injection for Different Wall-to-Free-Stream
Temperature Ratios, Tw

Figure 4 Non-Dimensional Boundary-Layer Profiles with Helium
Injection for Different Wall-to-Free-Stream
Temperature Ratios, Tw

Figure 5 Non-Dimensional Boundary-Layer Profiles with CC1 4
Injection for Different Wall-to-Free-Stream
Temperature Ratios, Tw

Figure 6 Shear and Magnetohydrodynamic Non-Dimensional
Boundary-Layer Velocity Profiles

Figure 7 Neutral Stability Curves for the Blasius Boundary-
Layer Profiles with Effect of Boundary-Layer
Thickness

Figure 8 Neutral Stability Curves for Air Injection with
Effect of Wall-to-Free-Stream Temperature Ratio, Tw

Figure 9 Neutral Stability Curves for CC1 4 Injection with
Effect of Wall-to-Free-Stream Temperature Ratio, Tw

Figure 10 Neutral Stability Curves for Zero Injection with
Effect of Wall-to-Free-Stream Temperature Ratio, Tw

Figure 11 Neutral Stability Curves for Helium Injection with
Effect of Wall-to-Free-Stream Temperature Ratio, Tw

Figure 12 Neutral Stability Curves for Tw - 0.5 with Injection
Effects for Different Kinds of Gases

Figure 13 Minimum Critical Reynolds Number Re m for Boundary-
Layer Profiles as a Function of Wall to-Free-Stream
Temperature Ratio, Tw

Figure 14 Neutral Stability Curves for the Shear and Magneto-
hydrodynamic Boundary-Layer Profiles

iv



NOLTR 62-143

SYMBOLS

A(N) quantity defined by equation (14)

A P quantity defined by equation (51)

aV coefficients of series in equation (21)

&Ili coefficients in equation (27) defined by equation (28)

B(N) quantity defined by equation (15)

BA quantity defined by equation (51)

Be normal component of magnetic induction

b magnetic parameter defined by equation (48)

bi coefficients in equation (25) defined by equation (26)

bij coefficients in equation (31) defined by equation (32)

C constant in equation (12)

Zp constant pressure specific heat of mixture

Cp, constant pressure specific heat of species "i"

c dimensionless wave velocity of disturbance

cI, c 2  coefficients defined by equation (35)

D molecular diameter

dj coefficient of series in equation (22)

Z(a,c) inviscid solution function defined by equation (45)

ej coefficient of series in equation (23)

F(z) Tietjens function

F(wl) concentration function defined by equation (9)

f mode function for the longitudinal velocity fluctu-
ation

f(O) injection rate parameter defined by equation (46)
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g(uc) function of mode function for transverse velocity
fluctuation defined by equation (19)

gl(uc), g2(uc) first and second independent representations
of g(uc)

gli(uc), g2 1(uc) series representations of the a2i terms in
the series expansions of gl(uc) and g2(uc)
given by equations (29) and (33)

h dimensionless enthalpy

MOD free-stream Mach number

M1  molecular weight of injected gas

N transformed normal distance variable

P quantity defined by equation (13)

Pr Prandtl number of mixture

Q1 generalized disturbance quantity

q(y) mode function of generalized disturbance quantity

Re6 Reynolds number based on boundary-layer thickness

Rex Reynolds number based on length from start of
boundary layer

Ree Reynolds number based on boundary-layer momentum
thickness

Re6* Reynolds number based on boundary-layer displace-
ment thickness

Ri gas constant for species "i"

r mode function for the density fluctuation

T dimensionless temperature

t dimensionless time

U dimensional reference velocity

u dimensionless velocity along surface

Uc dimensionless velocity difference between u and c

u dimensional velocity along surface
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V dimensional velocity normal to surface

el mass fraction of injected gas

x dimensionless distance parallel to surface

x1 mole fraction of injected gas

i dimensional distance parallel to surface

Y quantity defined by equation (45)

y dimensionless distance normal to surface

i dimensional distance normal to surface

z variable defined by equation (45)

a dimensionless wave number of the fluctuations

I ratio of specific heats in the free stream

6 dimensional boundary-layer thickness

6' dimensional inner viscous layer thickness

A quantity defined by equation (43)

SBlasius variable, (y/x) Rej

9 mode function for the enthalpy fluctuation

dimensional boundary-layer momentum thickness

# dimensionless coefficient of viscosity

v dimensionless coefficient of kinematic viscosity

mode function for the concentration fluctuation

shear parameter defined by equation (47)

1 mode function for the pressure fluctuation

p dimensionless density

o electrical conductivity

* mode function for the transverse velocity fluctuation

w free-stream vorticity

vii



NOLTR 62-143

Schmidt number

Superscripts

derivative with respect to the independent variable
(exceptions are defined above)

(1), (ii), (iii) refers to first, second, or third case as
defined by equations (39), (40), or (41)

Subscripts

00 value at infinity

1 refers to injected gas

c value at critical layer (except for uc defined above)

a minimum value of a quantity

N value of quantity at specific value of N

R, I real or imaginary part of complex quantity

w value at the wall

v viscous quantity

i inviscid quantity

6 value based on boundary-layer thickness

65 value of quantity when Blasius variable is five

6* value based on boundary-layer displacement thickness

0 value based on boundary-layer momentum thickness

The above defined dimensionless quantities are based on a length
scale, 6, (unless otherwise noted by use of a subscript) a time
scale, 6/uoo, and a scale for flow variables corresponding to
their values at the edge of the boundary layer.
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INTRODUCTION

The investigation of the stability characteristics of
infinitesimal disturbances in laminar boundary layers has not
produced direct predictions of boundary-layer transition
Reynolds numbers, but it has isolated most of the parameters on
which transition depends as well as indicated their qualitative
effect on transition. The laminar boundary-layer transition
characteristics are of primary importance when aerodynamic
heating and drag considerations predominate vehicle design since
these quantities can increase by an order of magnitude when
boundary-layer flow becomes turbulent. From the standpoint of
aerodynamic heating and possible drag control, considerable
attention has been given in recent years to the techniques of
flow-field control by magnetic fields and by mass transfer.
While these techniques have been shown to be successful for
these purposes in existing laminar or turbulent flows, it is
further important to obtain an indication of the influence of
these techniques with respect to transition from laminar to
turbulent flow. Accordingly, a numerical method based on pro-
cedures outlined by S. F. Shen in reference (1) has been
developed and utilized to investigate the stability of selected
boundary-layer profiles at zero Mach number.

The first group of boundary-layer profiles which demonstrate
the effects of molecular properties of an injected foreign gas
on the laminar boundary layer were obtained from the work leading
to reference (2). While the profiles are not included in
reference (2), several interesting conclusions were deduced from
their analysis. As had been indicated by other investigators,
this analysis demonstrated that injected foreign gases of small
molecular weight were desirable for the reduction of heat trans-
fer. In addition, however, this analysis indicated that, for
low injection rates, an injected foreign gas of large molecular
weight may be more effective in reducing heat transfer than a
small molecular weight gas when a favorable combination of large
molecular diameter and large molar specific heat exists. The
significance of this potential gain could be lost if the larger
molecular weight gas resulted in earlier boundary-layer transi-
tion. Shen, reference (1), has developed an "inviscid criterion"
useful for demonstrating the effect on stability of foreign gas
injection. Application of the "inviscid criterion" shows that
heavy injected gases may tend to be stabilizing, and the present
work allows a more quantitative and complete evaluation of this
tendency.

The second group of boundary-layer profiles was obtained
from the work of E. L. Harris, reference (3). This work is
significant in that recognition has been given to the fact that
flow-field control by magnetic fields may result in magneto-
hydrodynamic layers which are under the influence of an external

1
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vorticity induced by the magnetic field. Harris' analysis is
also applicable when there is no magnetic field since vorticity
external to the boundary layer can be induced by a curved shock,
as in the case of the flow near the nose of blunt bodies at
supersonic speed. In this case, the influence of external vorti-
city alone on the boundary-layer stability is of interest. The
stability of magnetohydrodynamic boundary-layer flows without
external vorticity has been adequately* treated by Rossow,
reference (4). Rossow used the approach of Heisenberg as
developed by Lin in reference (5). The numerical approach used
herein is considerably different and, hence, permits comparison
of results obtained by two dissimilar methods.

It is noted that the numerical results presented in the
present report are for incompressible thermal boundary layers,
whereas the procedure of reference (1) and the profiles of
reference (2) are for both incompressible and compressible
boundary layers. The numerical methods used were, in fact,
those for compressible boundary layers and gave good results for
Mach numbers less than 2.2; however, the compressible boundary-
layer profiles of reference (2) were for M - 3.0 and M - 6.0
and, hence, could not be treated by the present method.

ANALYSIS

The present considerations of the boundary-layer stability
analysis are essentially those of reference (1), and only those
portions of the analysis which are necessary for completeness
are repeated here. In some Instances additional considerations
are necessary and are clearly indicated as such. The bulk of
the analysis, therefore, deals with the numerical approach used
in obtaining the eigenvalues. As mentioned above, the numerical
procedures are applicable for compressible, as well as Incompres-
sible, boundary layers and, hence, all Mach number terms are
retained in the analysis. For the present numerical results
which are for incompressible boundary layers, the Mach number is
simply sot equal to zero in all appropriate terms.

LINEARIZED DISTURBANCE EQUATIONS

Foreign gas injection. Only a two-dimensional mean flow
and two-dimenslonal disturbances have been considered. All
disturbance quantities are assumed of the form:

QY ( i (1)

*With the exception noted by J. E. McCune and W. R. Sears, Jour.
of the Aero/Space Sciences, Vol. 26, No. 10, p. 674
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where q(y) represents the mode functions, a the wave number and
c the wave velocity. Shen, reference (1), using the fact that
the viscous effects on fluctuations are considered important
only in a layer of thickness 6' where • / Re•'2,* reduced the
linearized equations of motion. Using the disturbance quantities
he then arrived at the basic systems of equations, namely:

i -r + (2)

+ (3)

-- +i) (4)

C<RP zo-(6)

Tr Z (7)(0 h F(w)
where f, 0, r, w, e and e are respectively the mode functions
for the longitudinal velocity, transverse velocity, density,
pressure, enthalpy and concentration fluctuations and by
definition:

*This ordering as of Dunn and Lin, reference (6), is considered
adequate for low Mach numbers. Reshotko, reference (7), has
pointed out that refinements in ordering might be desirable at
higher Mach numbers. Such refinements should not affect the
low Mach number trends.

3
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= cp+ w,(cpb- cp) (8)

I _ Rb-R CP -C a (9)

S4I a) Pa+w(CP- 'P)

Shear and Magnetohydrodynamics. For small external shear
the basic equations of the stability problem are unaltered, and
the influence of the shear enters only through the outer boundary
conditions. Hence, the disturbance equations are unchanged, and
the two-dimensional mean flow with external shear presents no
additignal complications since the dominating boundary condition
d2 u/dyz equal to zero for y - co is retained. The magneto-
hydrodynamic profiles, however, require detailed consideration
which, for the case treated herein of transverse magnetic fields,
has been given by Lock, reference (8). In reference (8), after
the derivation of the linearized small disturbance equations, an
assumption that the Reynolds number was not too large (R6 10]5)
permitted Lock to demonstrate an analogy of Squire's theorem and
also to develop a magnetohydrodynamic Orr-Sommerfeld equation.
This equation differed from the ordinary Orr-Somerfeld equation
in one term which was shown to be negligible and which also
vanishes in the conventional separation to the "inviscid" and
"viscous" equations. The effect of the transverse magnetic field
on the stability analysis, therefore, appears only in the manner
in which the magnetic field alters the mean-flow profile. While,
as a result of the 6' ordering, equations (2) through (7) do not
reduce directly to the Orr-Sommerfeld equation for zero Mach
number and zero foreign gas injection, they do yield under these
conditions the same "inviscid" and "viscous" equations and, hence,
we need consider further only one set of disturbance equations
for all profiles considered herein.

METHOD OF SOLUTION

The general method of solution of the system of equations
(2) through (7) is conventional in that separate "inviscid" and
"viscous" solutions are obtained and the combination of these
solutions satisfying the boundary conditions leads to the eigen-
value relation. The "inviscid equation" which is derived for
large Re6 is integrated numerically from the edge of the boundary
layer to the neighborhood of the "critical layer" (i.e. where
u - c, see equation (15)). At the "critical layer" singularity,
in a manner somewhat similar to the method employed by Timan,
et al., reference (9), the solution was continued past the

4
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singularity by a power series representation. The present
expansion differs from that of reference (9) since they used
an expansion in the normal distance variable, whereas an
expansion in both (u-c) and a 2 is used in the present method.
After the critical layer the inviscid solution becomes complex,
and both real and imaginary parts are integrated numerically
until their values at the wall are obtained. At the wall the
viscous solutions which are obtained from an asymptotic series
in (a, Re -1 are joined through the boundary conditions with

the inviscid solutions; and the eigenvalues, a and Re are
obtained for a given value of cR (i.e. with cI - 0). Hence, a
point on the neutral stability curve for the boundary layer
profile under investigation is obtained.

The Inviscid Equation. The "inviscid equation" for the
transverse velocity fluctuations may be found directly from
equations (2) through (7) by letting Re6-4-co and on proper
combination may be shown to be:

~K iz~&)40 (10)
(h

When the Mach number is set equal to zero this reduces to:

where it is seen that the influence of foreign gas injection is
manifested through the density of the mixture as well as through
the effect of the injection on the form of the velocity profiles.
As might be expected for the constant density shear and magneto-
hydrodynamic profiles the stability is determined completely by
the form of the velocity profile.

For the numerical solution of equation (10) it is expedient
to change independent variables and introduce certain notational
simplifications. The now independent variable is obtained by
using the Dorodnitsyn transformation, the Blasius variable, and
changing the sign of the coordinate normal to the flow. The
first two changes are conventional, and the last change is simply
introduced because equation (10) is integrated from the edge of
the boundary layer to the wall. The resulting new variable, N,

5
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is, therefore, defined by:

cdN =-Pp ,e12)

where the value N - 1 was chosen for the outer edge of the
boundary layer.

We next define:

A ((14)

B45N + ±c 2p (15)
dNdN

where uc - u-c, and a has been non-dimensionalized by I which is,
in turn, defined up to a constant as 6 - constant X_ It

is now possible to rewrite equation (10) as:

, - (N) 'ý -B(N)(16)

The outer boundary condition for equation (16) is found
from the relation:

d1Z .4$ [i!K P CA -ý, ¾4P (17)dN•CcAj dNL P11c 6 4N
which is evaluated at the outer edge of the boundary layer, i.e.
at N - 1. (Note that from equation (12) N increases as the wall
is approached.) For the shear profiles with Mad i , 0 d/dN - 0
at N - 1, but for the injection profiles, both - and are

dN d
equal to zero at N - 1. This gives from equation (17)

*Note: This definition of P differs from that of reference (1),
equation (25) by a factor of l/p.

6
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T _ý Nl
as the condition for bounded disturbances at large distances
from the wall (i.e. as N--. -OD) since P is restricted to
positive values and is considered constant at its value for
N - 1. It is observed that for the shear profiles with Mach
numbers not equal to zero the conditions necessary for equation
(18) would not be realized, but this case has not been treated
herein. In the present numerical procedure, equation (18) and
normalization of 0 at N - 1 were the conditions used to start
the numerical integration.

Expansion Around the Critical Layer. In order to continue
the solution of the lnviscid equation in the neighborhood of the
critical layer, i.e. where u - c and where a logarithmic singu-
larity exists, a local power series representation was used.
For the power series representation the independent variable
uc - u-c was utilized, and the mode function O(N) was replaced
by the variable g(uc) according to the definition:

4KwN) LZ Uc g(ac) (19)

These relations may be used to transform equation (16) into the
following second order linear differential equation:

drzU cIN + (A dý' 1 . P(N

Equation (20) has two independent solutions, gj(uc) and

g2(Uc), which are represented as two power series. The first
solution is written in the form:

LCa) (21)

and then it is necessary to determine the coefficients av. 1t
can be assumed that ao - 1. To obtain the further coefficients,
av, the coefficients in equation (20) were developed in power
series:

4~2U {ý~ 2 ~\Aj 0 0  1
dNZ ~~)/A'Q) ~ cY¾(22)

7
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P(N) ej UC (23)

Later, for the actual numerical calculations, terms higher than
Uc 4 were neglected. Insertion of equations (21), (22), and (23)
into (20) and grouping of like powers of uc yield the following
expressions for the coefficients, av

(24)

A second independent solution, g2(uc), of equation (20) is
found by the method of variation of parameters utilizing
equations (21) and (24). This solution is

92c. (U ~.C') U , + + U (25)

Proceeding as before, equations (22), (23), and (29) are put in
(20) and the following expression for the bi's is obtained:

Cý 7 ý i-j

-7'J5 ~j + ~(e~4e 1  15](26)
It is noted from (22) and (23) that dj and ej depend on the
particular profile and the value of c. From (24) and (26) it
11 apparent that ajL and bi depend, furthermore, on the value of
a . In order to conserve machine time for the actual calcula-
tion, the a&4 and bi were next expanded in terms of a 2 :

1.Z a o+ aa,,.,.(C<4 + 3 .... (27)

and using equation (24) we get, therefore:

8
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oo70 C)o,0  f,, >F

3o4 = 714=24 34 Co

a/L4,LL(IL4-) �",'A4 1 (28)

The value of Ii in equation (28) was limited to six and, hence,
equation (21) may be written as:

(29)

where

9 + +~ C,:c'c~ LL4• + u'LL + a(Ga ~

5+5

Lc) 4 4 uc+ a•54. LL + a (4 LLC (30)

As with the aIls, this equation may be written in powers of a2

in the form: b 10 + b i2 O2+ 614 o 4 + (31)

9
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where higher order terms than a 4 are negligibly small when
compared with terms like 1/uc. From equations (26) and (31),
one may obtain:

_ _

[e + 1)(32)
(I- j2 .. ..i-

S-__+ I . -i-I- 1  . I

b~ e
4' I r, , +.i- . .~ ,-i i.- -Li ~ i.-j

Paralleling the form of equation (29), the following expression
is written for g2 :

where*:

b u +~ 6,,2+ýu" 41

U 22 + au3 ,e (34)

922KC) C4 U~ 44U.C
The general solution g(uc) of equition (20) is a linear

combination of gl(uc) and g2(uc), namely:

which in turn from equation (19) yields:

+N=U,+ gA~ (36)

.Th1e coe-fcet C. and c2.are determined at some small value
of uc (i.e. lNuc>O) by equating O(N) and4 from equation (36)
to kheir corresponding values from the numd~lcal integration of
equation (16), which is discussed in the second paragraph on
page 14. With these coefficients known, we proceed around the

10
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singularity to a negative uc whose absolute value is approximately
equal to the Positive value of uc used in determining the coef-
ficients. On this side of the singularity the solution, equation
(36), becomes complex an is discussed by Lin in reference (10).
Accordingly, it may be written as: (37)

where: ý R (37)& C

and for uc <0: U , L (38)

SWe now note' tha th coefficients A(N) and B(N) of equation
(16) are real and, therefore, the differential equation may be
integrated separately for OR and 01 in the manner discussed in
the paragraph on numerical procedures. This is -done for values
-of N from just bdlow' the ccritical layer to the wall yielding
the values of ORw and jIw (where the subscript w indicates wall
values), which are to be used in the eigenvalue problem. In
addition to the above discussed "critical layer" singularity,
an "apparent" singularity occurs when P equals zero in equation
(14). From equation (13) it is seen that this occurs when
Moo • ("o This takes place when the local relative

velocity of the disturbance becomes sonic. This was found to
occur at Mach numbers somewhat greater than 2. The "apparent
singularity" can be avoided by a change of dependent variables
as is shown in reference (11); however, even then the coefficients
of the resulting differential equation change sign. In the
present case, A(N) (see equation (14)) changes sign when P
changes sign and the Sturm-Lionville theorem can no longer be
applied to guarantee the existence of eigensolutions of the
differential equation (16). The full significance of the
"apparent singularity" has not as yet been explored. The fact
that Brown, reference (12), has obtained reasonable solutions
at a Mach number of 5.8 by a direct integration of the ordered
disturbance equations obviously indicates that numerical pro-
cedures can give realistic results at high Mach numbers, but the
possibilj~y. of._hbtaining physically-reasonable results by a
at•ching of viscid and inviscid solutions remains to be demon-

strated.

The Viscous Solutions and the Eigenvalue Problem. The
developments of the viscous solutions are given in detail in
references (1) and (11) and also Appendix A (Some of the
equations of reference (1) have been revised by Shen who has

- - snouggsed that the improved-relations be included as Appendix A
to the present report.). An informative discussion of viscous
solutions is given in reference (13). Here we only briefly
outline the development associated with the present numerical
procedure which is essentially that of reference (1) and
Appendix A.

11
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The equations (2) through (7) are written as a system of
first order differential equations and, following a method
suggested by Tollmien, a solution by asymptotic series is
attempted which yields improved viscous solutions valid at large
distances from, as well as near to, the critical layer. Using
the asymptotic expansions, three sets of zeroth order solutions
were obtained:

(i) Y(39)

fv •expiJoC Rej(• - y)v -)Gv;
xc

(ii) (40)

9P ~e4OcResS( VP(-~ M%~ V
(iii) (41)

} expJ ocRe ( r'2) } -v : v-O
yc0

For high-frequency fluc ultiozs the boundary conditions at
the wall are: ÷(0) - ,O)-e(.O)=•LO) :0 ; then by
referring to the orders of magnitffde of the asymptotic solution,
Shen, reference (1), derived the secular equation as:

(i)
cP (o0) ýV (42)

where:

12
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In (42) the superscripts refer to the cases (i), (ii), or (iii)
for which the zeroth order solutions are given by equations (39)
through (41).

Equation (42) is similar to the secular relation given by
Dunn and Lin in reference (6). In fact, when the concentration
fluctuations are not present, it is exactly the secular relation
of reference (6). Dunn and Lin show A to be directly propor-
tional to the square of the Mach number and, hence, for the
present Mach number zero profiles, A was also set equal to zero
since only small injection rates are considered. A comparison
of solutions at a Mach number of 1.3, figure 1, by the present
method which neglects A and the method of reference (13) which
effectively contains A shows very good agreement. Hence, as
Mack pointed out, the temperature fluctuations apparently have
no effect on the neutral stability curve at this Mach number.
Accordingly, no effect of temperature fluctuations is expected
at lower Mach numbers. Further, it Is felt for the case of
small injection that the contribution of the concentration
fluctuations to the correction factor A should not be large
enough to obscure any of the indicated trends. Using Dunn and
Lin's improvement on the viscous solutions and retaining our
independent variable, N, we may rewrite equation (42) as:

where:

S#N,) _

and F(z) represents the well-known "Tietjens Function." For the
present numerical calculations, the "Tietjens Function" of
reference (14) was used. The eigenvalues are obtained from
equation (44), and equations (45) are used to compute the cor-
responding Reynolds numbers.

Numerical Procedures. The profiles used were given in the
form of discrete points. Numerical procedures, therefore, had
to be selected for Interpolation, differentiation, and inte-
gration. The schemes were selected such that the results of
these operations differed from known results by a minimal amount
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when compared with respect to the sun of the least square devia-
tion. The basis for this comparison was the Blasius profile,
since the complete profile and its derivatives are known.

From equation (15) it is apparent that the "inviscid"
equation (16) has a singularity at u - c. As indicated in the
discussion of the general method of solution, page 4, the
inviscid equation was integrated numerically for the entire
range of the independent variable except in a small neighborhood
of this singularity. The integration procedure, which uses the
fourth order Adam Moulton predictor-corrector method with the
Runge Kutta method for starting and stopping, is described in
reference (15). In order to be able to choose freely the step
size of integration, the coefficients A(N) and B(N) of equation
(16) were interpolated directly. This direct interpolation of
the final coefficients is more accurate than using interpolated
profile values in the calculation of these coefficients. By
integrating with different step sizes, it was found that the
values of the transverse velocity fluctuation mode functions, 0,
were not changed by making the step size smaller than 1/500 of
the boundary-layer thickness, 6.

The results are even more sensitive to the closeness of
approach to the critical point, u - c. If we integrate numeri-
cally too close to the singularity, the rapid growth of the coef-
ficient B(N) in equation (16) affects the result. If, on the
other hand, we stay too far away from the singularity, accuracy
is lost in "the going around the singularity" by power series
because the actual calculation had to be performed with poly-
nomials of finite degree. The best compromise was to choose the
critical distance between 1/50 to 1/100 of the boundary-layer
thickness, 6.

Finally, an overall check for the accuracy of the results
was given by comparison with already known stability curves,
such as for the Blasius profile (See fig. 7 and first paragraph
of Results and Discussion) or the Mach 1.3 case (See fig. 1).

BOUNDARY-LAYER PROFILE DATA

Foreign Gas InJection. The boundary-layer profile data
which included the injection of a foreign gas were taken from
the work of I. Korobkin, reference (2). By assuming that the
blowing velocity varies inversely with the square root of the
distance from the leading edge, he was able to obtain similar
profiles. This, in turn, implies concentration profiles
independent of x which, when coupled with the condition of zero
net flux of the free-stream component across the wall, deter-
mined the wall concentration, w1 - Pl/Pco, for a given value of
the injection rate parameter: - R (46)
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All calculations were made for a value of the injection rate
parameter of one-tenth.

In reference (2), boundary-layer profiles were computed
for twenty-seven gases by making all possible combinations of
the molecular weights, molecular diameters, and specific heats
of He, air, and CC14. In the present work, we have dealt with
the three real gases, He, air, and CC1 4 , and have not considered
any of the possible hypothetical combinations. The boundary-
layer profiles for zero blowing, air injection, helium injection,
and carbon tetrachloridl injection are presented, respectively,
in figures 2, 3, 4, and 5. These profiles, which have not been
given previously, are given for wall-to-stream temperature
ratios of 0.5, 1.0, and 2.0. For these profiles the boundary-
layer thickness, 6, was taken as corresponding to N - 1, since
this was the thickness used for the calculations of the
reference (2) profiles. This is equivalent to using boundary-
layer thicknesses In terms of the Blasius variable ranging from
nine to thirteen. The effect on comparative stability results
for profiles having thicknesses in this range is negligible as
is demonstrated in the first two paragraphs of the section on
Results and Discussion.

Shear and Magnetohydrodynamic Profiles. The boundary-
layer profiles giving the first order effects of external shear,
applied transverse magnetic fields, and a combination of these
effects were taken from the work of E. L. Harris, reference (3).
He assumed that a perturbation expansion of the stream function
was possible for small values of the shear parameter, e*, and
magnetic parameter, b.

b - 6-2 Puý(48)

where:

w - free-stream vorticity

Bo =normal component of the magnetic
induction

a - electrical conductivity

Using such an expansion the resulting system of differential
equations could be treated in a manner which readily permitted
independent analysis of the free-stream vorticity and magnetic
field effects. The profiles used in the present investigation,
figure 6, were for magnetic and shear parameters of one-tenth
(i.e. J* - 0.1 and b - 0.1). In the stability analysis an
arbitrary value was assigned to the outer edge of the shear

15



NOLTR 62-143

profiles so that a value of the free-stream velocity could be
determined for a non-dimensionalizing reference. For this
purpose the value of the Blasius variable of five was used.
With respect to the definition of the momentum thickness, V, it
was herein considered that the free-stream velocity to be used
in the calculations should be the flow velocity used to normalize
the velocity at I equal to five. When the boundary-layer equa-
tion of motion for zero pressure gradient, reference (3), is
integrated with respect to y for a shear flow, the usual integral
momentum equation is not obtained because the x component of the
velocity increases continuously with y. This variation of the
velocity leads to an ambiguity in the expression for the momentum
thickness. Therefore, since the value of the momentum thickness
could actually be considered to vary with the choice of 6, we
have for convenience defined a pseudo momentum thickness as:

Y65 
(49)s75[tJS5(1 USSjý

where U6 5 is the value of the velocity when the Blasius variable
is five. To provide a more meaningful basis for comparison,
the minimum critical Reynolds numbers of these profiles are
presented also as length Reynolds numbers.

TRANSPORT PROPERTIES

While all transport properties are important in the compu-
tation of the boundary-layer mean flow profiles, the most impor-
tant transport property in the stability analysis as formulated
herein is the viscosity. This is apparent when one examines
equations (45) and observes that through the quantity Y the
viscosity can influence the eigenvalues and in combination with
z can affect the value of the corresponding Reynolds number.
To obtain a reasonable value for the viscosity of the air-
injected foreign gas mixture, the formula (8.2-22) of reference
(16) was used. The fact that the viscosity of the mixture is
used in ratio to the free-stream viscosity leads to ratios of
the collision integrals as functions of the reduced temperatures.
Considering the maximum attractive energy between molecules of
the kind used herein, as well as the dependency of the collision
integrals on the maximum attractive energies, and in view of the
compensating manner in which the ratios of the integrals enter
the viscosity relation, it becomes reasonable to set the ratio
of the collision integrals equal to unity. This assumption
permits us to express formula (8.2-22) of reference (16) In the
following somewhat simplified form:

(50)
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where: _

/Xz r- 11))

_ , (, + 39, ,

M ~ +1±2 2VL
__9 +2

W,- mole fraction of injected gas

W I - - mass fraction of injected gas

M - molecular weight of injected
gas (4, 29, or 154 for He, air,
or CC14)

- molecular diameter in Angstroms
(2.6, 3.65, or 5.88 for He,
air, or CCl 4 )

In equation (51) it Is noted that most of the numerical constants
correspond to the air values. This occurs because the value of
the viscosity at the edge of the boundary layer (i.e. the value
for the free-stream air) Is used as the scale for the viscosity
flow variable. Equation (50) was used In all of the numerical
calculations, but It is, of course, noted that it reduces
simply to unity for the Blasius, shear, and magnetic profiles.
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RESULTS AND DISCUSSION

THE BLASIUS PROFILE

The reproduction of the stability curves for the Blasius
boundary-layer profile is generally considered as a reliable cri-
terion of the basic validity of a stability computational scheme.
Accordingly, the stability of the Blasius profile was computed,
and the results are compared in figure 7 with those of C. C. Lin
as taken from reference (5). For figure 7 the complete stabil-
ity loop for the Blasius profile was computed with a chosen
boundary-layer thickness, 6, of 5E/VNex, whereas Lin in refer-
ence (5) used a thickness of 67/,/Rex. It is indicated in
reference (5) that greater accuracy is to be expected when the
edge of the boundary layer is farther from the solid wall; hence,
the value of a direct comparison of the two loops is slightly
diminished. The two loops, however, are very similar with the
main difference occurring in the tip of the loops and a small
difference in the minimum critical Reynolds number. It has
been suggested in reference (13) that difficulties may be
encountered when a and c are simultaneously large, as is the case
at the tip of the loop, but the necessary calculations to explore
this possible explanation of differences have not been undertaken.
It is noted that the present method uses an a development only
around the critical layer singularity, and there it uses a terms
up to fourth order.

The value of the minimum critical Reynolds number given in
reference (5) is Reg m - 162 (Re 6 *m - 421), whereas the present

value with 6 5/ýRex is Regm - 147 (Rea*m - 382) or approx-

imately a ten percent difference. A brief investigation was
conducted to determine quantitatively the influence of increasing
the chosen value of boundary-layer thickness on the minimum
critical Reynolds/number. In addition to the run with 6 -
5i/rRex, runs were made with 6- 6i/IRexi and 6 - 105i/rRex, In
the latter two cases the minimum critical Reynolds numbers were
found to be Reg,m - 158 (Rea:, - 411) and Reg,m - 159
(Re6*5 - 415). It does, therefore, appear that most of the

difference between the present and reference (5) values of
minimum critical Reynolds number can be attributed to the dif-
ference in chosen value of the boundary-layer thickness. Also,
for this specific profile, it does not appear that there is a
significant change when values of 6VRex greater than six are
chosen.

FOREIGN GAS INJECTION EFFECTS

The primary objective of the investigation of the stability
of the boundary-layer profiles with foreign gas injection was to
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determine the effect of the different foreign gases on the mini-
mum critical Reynolds number at various wall-to-free-stream tem-
perature ratios. To accomplish this objective it was necessary
to determine the eigenvalues only at the low Reynolds number end
of the stability loops and, hence, complete loops are in general
not presented. The partial loops for the cases of air injected
into air at three wall-temperature ratios are presented in figure
8 which clearly shows the influence of boundary-layer cooling on
the stability of small disturbances. Here we observe that in
going from a hot wall (Tw - 2.0) to a cold wall (Tw - 0.5) there
is almost a three order of magnitude increase in the minimum
critical Reynolds number and that the maximum value of a for
neutral stability is decreased by a factor of two. These results
are very similar to the results presented by Lees in reference
(17). However, these are for Mach number zero and include air
injection. His results were for a Mach number of 0.7 without
air injection. As may be seen in figures 9 and 10 the form and
variation with wall temperature of the stability loops (i.e. the
tendency for the loops to encompass a larger range of wave num-
bers and for the minimum critical Reynolds numbers to decrease
with increased Tw) for CC1 4 injection and for no injection are
very similar to that shown in figure 8. With helium injection
the increase of the minimum critical Reynolds nzumber with decrease
of wall-temperature ratio is considerably less pronounced, and
the form of the stability loops differs from the previous loops
as in figure 11. For loops of this form it is, in fact, possible
that the lower wall-temperature ratio boundary-layer profiles
may experience an earlier transition to turbulence than the pro-
files with higher temperature ratios even though they exhibit a
larger minimum critical Reynolds number. This could occur
because the higher wave numbers would produce a greater amplifi-
cation rate of the small disturbances. It should be noted,
however, that these results occur at very low values of a6R6,
and since the validity of the viscous solutions is based on
neglectinig higher order terms in an expansion in 1/Va-6, there
must be some reservation about their accuracy. In fact, the
helium results for a wall temperature ratio of 2.0 yield a prod-
uct a6R6 at the minimum critical Reynolds number which is roughly
a factor of three lower than any other values calculated herein.
In an effort to investigate more fully the trend, an additional
run with a wall-temperature ratio of 1.5 was inserted. The
lowering of the stability loops with increased wall-temperature
ratio, as indicated by the Tw - 1.5 and 2.0 curves, appears to
be a substantiated trend; but its physical causes are not fully
understood.

The stability loops at a wall-temperature ratio of 0.5 for
the three injected gases are compared with the zero injection
stability loop in figure 12. It is seen that for all injected
gases the instability area within the loop appears to be
increased in comparison to the zero injection case. More significant,
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however, is the fact that the large molecular weight and diameter
gas, CC1 4 , has the highest minimum critical Reynolds number.
This result quantitatively confirms the prediction of the
"inviscid criterion" by Shen, reference (1). If we couple this
result with the results Indicated by Korobkin, reference (2), it
appears that mass transfer systems using a gas with a favorable
combination of large molecular weight and diameter may have
considerable promise.

It is further observed in figure 12 that at the wall tem-
perature ratio of 0.5 the minimum critical Reynolds number for
the boundary layer with helium injection is more than an order
of magnitude lower than that of the CC14 injection boundary layer.
In figure 13 we present a summary plot which compares the mini-
mum critical Reynolds number at three wall-temperature ratios.
The favorable advantage of the CC14 over the He as an injected
gas is maintained at all temperature ratios, but it is consider-
ably decreased in magnitude as the temperature ratio is increased.
In fact, at a wall temperature ratio of 2.0 the minimum critical
Reynolds number for the He injection profile is greater than that
of both the air profiles (i.e. with and without air injection)
and is almost equal to that of the CC1 4 profile. As has been
previously indicated, all of the preceding comparisons have been
made for a single value of the injection rate parameter, i.e.
f(0) - 0.1. No consideration has been given to the fact that in
practical applications different values of f(0) would be used
for the different foreign gases. Stability comparison for design
applications should, therefore, be made on the basis of the
injection rate parameter which is needed to meet a specific cool-
ing requirement.

SHEAR AND MAGNETOHYDRODYNAMIC EFFECTS

The comparative stability loops for the shear and magneto-
hydrodynamic profile are given in figure 14. Since the use of
the momentum thickness as defined by equation (49) is somewhat
vague, the value of the minimum critical Reynolds number based
on distance from the leading edge of the plate, l is also
indicated on figure 14. The use of x instead of i as a refer-
ence length does not alter the relative stability of the pro-
files. It is observed that the use of a magnetic field with the
parameter b - 0.1 increases the minimum critical Reynolds number
of the Blasius boundary-layer profile by one or two orders of
magnitude depending on the choice of 1 or x as a reference
length. This result is essentially the same as Rossow's,
reference (4), and agrees quantitatively within the accuracy of
one's ability to read and extrapolate the reference (4) curves.

The effect of the external vorticity for the shear parameter
t* equal to 0.1 on the stability of the Blasius or on the magneto-
hydrodynamic boundary layer is comparatively small. On the basis
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of length minimum critical Reynolds numbers, Rea,., the shear
increases the stability of the Blasius profile by about thirty
percent. The shear, which as an incremental effect, changes
both the Blasius and the magnotohydrodynamic profiles In a
mimilar manner and night have been expected to have the same
effect on the stability of both profiles; however, the detailed
calculations did not substantiate this expectation. In fact,
Rex a, for the magnetohydrodynamic profile was decreased by about
forty percent. While this as yet unexplained result in of
interest, it is considered more important to emphasize that for
a value of the shear parameter, t* - 0.1, one may expect percent-
age rather than order of magnitude changes in the minimum criti-
cal Reynolds number of the boundary layer.

CONCLUSIONS

The present results show that the injection at a blowing
rate, f(0) - 0.1, of a large molecular weight gas such as CC14
may actually result in a stabilization of the laminar boundary
layer. The stabilization in terms of increase in minimum
critical Reynolds number when compared with the zero blowing
values indicated a 35 percent increase for a wall temperature
ratio of 2.0 and became a 28 percent increase at a wall tem-
perature ratio of 0.5. This result tends to substantiate the
indications of the "inviscid criterion" set forth by Shen in
reference (1).

The injection of helium, a small-diameter light-weight gas,
was generally destabilizing when compared with zero blowing
values except for the high wall-temperature ratios. Such a
comparison shows that the stability in terms of minimum criti-
cal Reynolds number with helium injection was reduced to about
five percent of the zero tlowing value at a wall-temperature
ratio of 0.5; however, at a temperature ratio of 2.0 the helium
injection actually increased the stability by 15 percent. While
the results with helium injection again generally tend to sub-
stantiate the "inviscid criterion," it is observed that they
fail to do so at high wall-temperature ratios. This result
night well be expected since indications obtained for an
infinite Reynolds number need not necessarily define conditions
at a finite Reynolds number (i.e. at the low Reynolds number
end of the stability loops) for all cases considered.
Accordingly, it appears that while the "inviscid criterion" are
generally reliable, their indiscriminate use could produce mis-
leading results. This conclusion, which is believed to be
reasonable, must be tempered by the fact that it is based on
results obtained at very low values of aR.

The investigation of the influence of small external shear
on the stability of laminar boundary layers indicated that only
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percentage, rather than order of magnitude changes in the mini-
mum critical Reynolds number, would be expected for the cases
herein considered. Quantitatively, the external vorticity
characterized by a shear parameter, t*, of one-tenth increased
the minimum critical Reynolds number based on length of the
Blasius profile by 30 percent, whereas the same shear reduced
the stability of the magnetohydrodynamic profile by 40 percent.
In contrast to these percentage changes it is noted that the
application of a magnetic field characterized by a magnetic
parameter, b, of one-tenth, increased the Blasius profile length
minimum critical Reynolds number by two orders of magnitude from
Rexm - 5.2 x 104 to Rex,m - 3.1 x 106.

Quantitative values have been determined which show the
influence on the calculated minimum critical Reynolds number of
different choices of the Blasius variable which is used to
define the outer edge of the boundary layer. Specifically,
for n equal to five, six, or ten, the values of Reg m were
respectively, 147, 158, or 159. It is apparent that there is
only a negligible improvement if values of n greater than six
are used.
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APPENDIX A*

On the "Dunn-Lin" Factor in the Secular Equation
for Laminar Stability of Boundary Layers

by

S. F. Shen

Although calculations in the present report are carried
out using the simplified Leeo-Lin secular equation, it appears
desirable to express the "Dunn-Lin" factor A in equation (93)
of reference (1) in a more explicit manner in terms of the
given flow parameters. Recent works of Mack, reference (13),
and Reshotko, reference (7), suggested that further correction
should be added to the original Dunn-Lin factor. By cl9ser
examination it appears that in the mass transfer case, as well
as for the single-component compressible boundary layer, logi-
cally the original Dunn-Lin factor is the one to so as long as
no perturbation tem of higher order than (aR 6 )-Y/2 are included
in the differential equations. Partial refinoemnt such as those
of Mack or Roshotko may have the practical advantage of yielding
more realistic results, but they must not be taken as consistent
theories.

A few misprints and errors of NAVORD Report 4467, refer-
once (1), meanwhile have been discovered. These are listed in
the following:

Equation (3) should read:

+ +

*In this Appendix the symbols of reference (1) are used. Differ-
ences from those used in the main body of the present report are
noted as the following:

Appendix:

Body of Report:

A-1
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Equations (31) and (32) should read:

cty 1 0 L 4h 1

Cy L r J•0.

Q•)M~zz+ie,/-c'/z-+ h~z

'l(Al)

,C ,••c') i (-c M 2 Z" 'lei h

Equation (89) should read

7-2exp ay

The right-hand side of equation (91) should read:

I FI; I

Equation (93) should read:

A-2



NOLTR 62-143

Equation (94) should read:

,,(A4)

We now Proceed with the evaluation of A. One needs first
the ratios G(O)/r(0) and '(O)/r(O) from the inviscid solutions.
By going back to equation (17) of reference (1), there results

"~(o A~(Yi)+ i[4(cw1o- j)] (A5)O

and from equation (21) of reference (1)

__o_ c(o
(A6)

Substitution of equations (A5) and (A6) in equation (A4) and
insertion of the result into equation (A3) finally lead to an
explicit expression for A in terms of the given parameters and
the viscous solutions:

where: M ( )

L0 [M 2 wK (r)(o (AS)
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We note that AD is the original "Dunn-Lin" factor for compres-
sible boundary layers, reference (6). The A'-term for the same
case (compressible boundary layer without mass transfer) was
regarded as further corrections by both Mack and Reshotko. With
mass transfer there is now an extra term proportional to the con-
centration gradient at wall (ci(O)) to be added to the A'-term,
but no effect on AD.

However, from equation (87) of reference (1), it is clear
that 0( )

To arrive at equation A4), we have already omitted terms of
higher order than 1/4aR6 . Thus the A&-term logically should
also be neglected for consistency.

To illustrate that the asymptotic expansions, equations (73)
to (75) of reference (1), provide the correct estimate for the
viscous solutions at the wall, we next evaluate explicitly the
Dunn-Lin factor on this basis To do so the equations for the
first order approximations fl1), i - 1, 2, 3 .... 8 are required.
These turn out to be:

+f+ (A9O)

(: o (o FW (o) (o) (o

2 T,

+ 'i€W -- 'm Al

9f+f 0C)-4 (A12)
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g + (A13)

(ir() (i14)

-(+ (()' 5(I

•'- 7 +f .f• (A15)

The above equations are parallel to equations (76) to (83) of
reference (1).* Again we have not written out all terms in
equation (A14) for simplicity. Based upon these equations, It
is found:

(5)() f')

*We should remark that in equations (85), (87) and (89) of refer-
once (1), the expressions for Zi represent eoseonlly only
orders of magnitude. For example, for g - hi, fjlU) Is actually
not unity but a function of y to be found from equations (A9) to
(A12) here.

A-5
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by using equation (All). Similarly,

also by using (All). Consequently, these estimates give

Comparison shows that equation (A16) of this Appendix agrees
with (A.16) of Dunn and Lin's paper except for a function,
")qz,a)• in the latter which is 0(1). (Dunn and Lin's function,

k(z,o), is the ratio of Mack's G(zo) and F(z) defined by
equations (5-18) and (5-14), respectively, of reference (13) and
tabulated as Table I therein.) From Mack's Table, for large z
(say, above 6 or 7) Dunn and Lin's)((z,o) is indeed nearly unity,
bearing out the validity of the asymptotic expansions.

There is no difficulty to work out the A'-term for the mass
transfer case in a similar manner by using equation (A9) through
(A15) if desired. The final result serves no useful purpose at
the moment since its order of magnitude can already be assessed
as 0(l7/N/). In this light, both Mack's and Reshotko's "improve-
ment' of using the Wt-term must be regarded as theoretically
inconsistent with their perturbation equations which are obtained
from the complete linearized equations by keeping various terms,
but none higher than O(l/V•6). It may be noted that a strictly
consistent theory to include up to O(I/aR6) must also include
the i-component of the basic boundary layer flow.

A-6
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